The equation of motion of the staggered order parameter is derived in a step-by-step manner from the coupled Landau-Lifshitz-Gilbert dynamics of bipartite spin moments in the limit of strong antiferromagnetic exchange coupling. The derivation reconciles some of the inconsistencies found in the literature with signs and coefficients of the terms appearing in the equation of motion.
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The equation of motion of the staggered order parameter is derived in a step-by-step manner from the coupled Landau-Lifshitz-Gilbert dynamics of bipartite spin moments in the limit of strong antiferromagnetic exchange coupling. The derivation reconciles some of the inconsistencies found in the literature with signs and coefficients of the terms appearing in the equation of motion.
I. MODELING OF THE FREE ENERGY DENSITY
The simplest antiferromagnet has a collinear bipartite ordering composed of two interpenetrating square lattices A and B possessing oppositely aligned moments arranged in the form of a checkerboard [1] . For such ordering, the thermodynamic state of the antiferromagnet under mean-field approximation is represented by the spin moment unit vectors at each sublattice m A and m B , whose magnetization is M s [2] . To describe the dynamics of the antiferromagnet in response to an applied magnetic field or a spin-transfer torque at a fixed temperature T , the magnetic free energy of the system first needs to be modeled. There are three significant contributions to the free energy density F of an antiferromagnet: the exchange energy due to alignment of neighboring spins, the magnetocrystalline anisotropy energy due to spin-orbit interaction, and the Zeeman energy due to interaction with an external field. The exchange energy is subdivided into intra-sublattice component for the spatial variation of each of the sublattice moments, and inter-sublattice component for the relative orientation between the sublattice moments. Up to first-order approximation, the exchange energy is phenomenologically expressed as [3] 
where A ⇈ is the intra-sublattice exchange spring constant (J/m), while J and A ↑↓ are the inter-sublattice exchange energy density (J/m 3 ) and spring constant (J/m), respectively.
The anisotropy energy also consists of intra-and inter-sublattice contributions, which can be further expanded in terms of the coordinates of the sublattice moments depending on crystal symmetry. For biaxial symmetry, the anisotropy is dichotomized into orthogonal components corresponding to the easy (x axis) and the hard (z axis) directions, which is expressed up to first order as [3]
where K ⇈ i and K ↑↓ i are the intra-and inter-sublattice anisotropy energy densities (J/m 3 ), respectively for the directions i ∈ {x, z}.
The Zeeman energy in the presence of an external magnetic field H applied along the unit vector h is given as
For reasons which will be clearer in the next section, let us deploy change of variables from m A , m B to m, n, where m = (m A + m B )/2 is the average net moment and n = (m A − m B )/2 is the staggered order parameter. Consider the case where the inter-sublattice exchange is much larger than the anisotropy, Zeeman energy and thermal effects, that is
where V is the volume of the sample. This essentially means that the characteristic length scale over which the antiferromagnetic order varies is much larger than the interatomic distance [4] . Under such assumption, the sublattice moments would remain almost antiparallel to one another at all times (because this configuration would have the lowest total energy), so that m
The following relations are derived to rewrite the total free energy (1)+(2)+(3) in terms of the new variables m, n.
On substitution, the total free energy density is simplified to
where
are the net parameters, all of which are greater than zero because mean-field theory requires the intra-sublattice contributions to be much larger than the inter-sublattice.
II. LANDAU-LIFSHITZ-GILBERT EQUATION OF MOTION
The coupled dynamics of the sublattice moments of the antiferromagnet is described by the phenomenological Landau-Lifshitz-Gilbert equationṡ
where overdot denotes partial derivative with respect to time ∂ t , γ is the electron gyromagnetic ratio and α is the Gilbert damping constant. Now, the dynamics of the average net moment m and the staggered order parameter n can be written aṡ
Let us rewrite the dynamics of m, n as functions of m, n alone. From the gradient theorem, the change in free energy
so that its partial derivatives with respect to each sublattice moment become
The following relations are derived to replace the right-hand-side terms in Eq. (12) and (13).
On substitution, the coupled dynamics of m and n are obtained aṡ
The partial derivatives of the free energy density (9) are evaluated as
where we have used the multivariate chain rule
On replacing the partial derivatives in Eq. (22), we geṫ
Notice that the term A∇ 2 ∼ A/λ 2 = K x , where λ is the characteristic width of a domain wall [5] . Therefore, the anisotropy terms K i as well as A∇ 2 can be ignored compared to J under the premise of strong exchange. So, we arrive at the intermediate steṗ
To further simply, notice that the temporal variations ∂ t occur in a scale similar to the antiferromagnetic resonance frequency
. We find that α∂ t ∼ αω 0 ≪ γJ /M s , and hence α∂ t can be omitted to give the next steṗ
Transposing terms and crossing with n yields the following steps.
which finally result in the solution
which indicates that the dynamics of n dictates that of m, making m a slave variable.
Thus in the limit of strong exchange, the problem of coupled dynamics of the sublattice moments, (10) and (11), is effectively reduced to solving just one equation for the staggered order parameter (21), which is why the change of variables was performed in the first place. Now, we are left with the task of replacing m in Eq. (21) with (32), so that the final equation is only in terms n and its derivatives. We begin with the left-hand sidė 2h e (n · h)h + j µ (n × µ) = 0,
the spin-transfer torque appears as an add-on term inside the square brackets (similar to how the Gilbert damping term shows up), where j µ = J µ /(µ 0 M 2 s ).
III. CONCLUDING REMARKS
The equation of motion (40) 
